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Compressible Flowfield Solutions with Unstructured Grids
Generated by Delaunay Triangulation
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A method is described that constructs three-dimensional unstructured tetrahedral meshes using the Delaunay
triangulation criterion. The approach includes an automatic point creation technique and ensures that, given
an initial surface triangulation which bounds a domain, a valid boundary conforming assembly of tetrahedra
is produced. The efficiency of the proposed procedure reduces the computer time for the generation of realistic
unstructured tetrahedral grids to the order of minutes on workstations of modest computational capabilities. The
grids generated are used with two finite element algorithms to simulate inviscid transonic compressible flows. Flow
solutions for aerospace configurations are presented and computed results compared with experimental data.

I. Introduction

NSTRUCTURED grid methods with finite element or finite

volume flow solvers have proved particularly successful in
applications in computational aerodynamics. The grid generation
method based on the advancing front concept has been used widely
for engineering applications.!~> In this approach, given an initial
surface of triangles, points are created within the field and tetrahe-
dra formed which grow, or advance, into the domain. An alterna-
tive method for tetrahedral generation is to utilize the geometrical
construction which is attributable to Delaunay.* In this technique,
points can be connected using a geometrical criterion to form a topo-
logically valid nonintersecting set of tetrahedra.>~!! Although the
Delaunay geometrical construction provides a well-defined method
with which to connect points, it does not provide a method of gen-
erating points within a domain. Furthermore, the triangulation may
not be boundary conforming.

In this paper a method will be described which, given a set of
points and connectivity information for the boundary points, per-
forms a triangulation of the points, automatically creates points
in the interior of the domain, and ensures that the bounding sur-
face of the domain is contained in the triangulation. One major fea-
ture of the proposed method is the computational speed with which
three-dimensional unstructured grids can be generated. It will be
shown that it is possible to generate the order of 1 x 109 tetrahedral
elements in just minutes on workstations of modest computational
capabilities. The method will be demonstrated for realistic shapes,
including a complex aircraft configuration.

Flow algorithms successfully used with the proposed grid method
will be highlighted. These solvers are based on a second-order ac-
curate space discretization of the Euler equations obtained from a
Galerkin weighted residual approximation. Time discretization is
obtained as either a two-step Lax—Wendroff scheme or a multistep
Runge-Kutta scheme. A new formulation for artificial dissipation
is discussed.
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II. Grid Generation

Three problems must be overcome in the development of a
Delaunay triangulation grid generator. Firstly, there is the problem
of how to connect the points, secondly, how to generate interior grid
points, and thirdly, how to ensure that the resulting triangulation is
boundary conforming. Before discussing each of these problems the
global procedure I for the generation of grids will be outlined.

1) Input boundary points {#;}, i = 1, I and boundary point con-
nectivities of the faces {C;}, j = 1, N.

2) Derive boundary edges {E,}, k = 1, M from boundary face
connectivities {C;}.

3) Perform the Delaunay triangulation of { P;} to obtain tetrahedra
{tn},m =1, R.

4) Create interior field points and connect using the Delaunay
algorithm to form tetrahedra {1}, =1, T.

5) Ensure that the surface triangulation {C;}, j = I, N is con-
tained in the volume triangulation. Recover any missing faces by
following the steps a) recover boundary edges {E;} in {r;} and b)
recover boundary faces {C;} in {z;}.

6) Identify all tetrahedra outside the domain of interest {ro;},
h=1,L.

7) Delete tetrahedra {ro,}, h = 1, L to give the final grid {r;, ] =
1, 8}

Following the grid construction, postprocessing can be applied
to smooth the spatial position of the grid points, check element
topology consistencies, and derive grid quality statistics prior to use
with an analysis module. In the following sections, details will be
given of the steps outlined in the general procedure.

A. Delaunay Triangulation

The mechanism by which an arbitrary set of points can be con-
nected was first proposed by Dirichlet'? in 1850. For a given set of
points in three-dimensional space, {FP;}, k = 1, ..., K, the regions
{Vi}, k=1, ..., K, are the territories that can be assigned to each
point P, such that V. represents the space closer to P, than to any
other point in the set. Clearly, these regions satisfy

Vj#i

This geometrical construction of tiles is known as the Dirichlet
tessellation or Voronoi'® diagram. This tessellation of a closed do-
main results in a set of nonoverlapping convex polyhedra, called
Voronoi regions, covering the entire domain. If all point pairs that
have some segment of a Voronoi boundary in common are joined,

Vi ={Pi:|lp— Pi| <lp— Pl 1)
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Fig.1 Delaunay and Voronoi diagram showing some geometrical prop-
erties; points and Voronoi vertices P;, i=1,5and V}, j= 1,4, respectively.

the result is a triangulation of the convex hull of the set of points
{P,}. This triangulation is known as the Delaunay* triangulation.
The definition is valid for #-dimensional space.

From the discussion, it is apparent that in two dimensions a line
segment of the Voronoi diagram is equidistant from the two points
it separates. Hence, the vertices of the Voronoi diagram must be
equidistant from each of the three nodes that form the Delaunay
triangles. Clearly, it is possible to construct a circle, centered at a
Voronoi vertex, which passes through the three points which form
a triangle. Furthermore, it is evident that, given the definition of
Voronoi line segments and regions, no circle can contain any point.
This latter condition is referred to as the in-circle criterion. Figure 1
shows some of the geometrical properties of the construction. In
three dimensions a vertex of a Voronoi diagram is at the circumcenter
of a sphere that passes through four points which form a tetrahedron,
and no other point in the construction can lie within the sphere.

Several algorithms have been proposed for the construction of
the Delaunay triangulation.!*!* The algorithm used here follows
the same steps as for the two-dimensional construction™’ and is
based on the work of Bowyer.!* This algorithm is based on the in-
circle criterion and is a sequential process; each point is introduced
into an existing Delaunay satisfying structure, which is broken and
then reconnected to form a new Delaunay triangulation. The algo-
rithm is relatively easy to implement. The major issue is to use an
efficient data structure. In our work the data required are the element
connectivity matrix and the data structure that relates each element
to its four neighbor elements. Further details of the method adopted
can be found in other papers.'®!7

B. Automatic Point Creation

Points for connection by the Delaunay algorithm can be derived
in many ways. Two ways that have been used include superposition
methods and points generated from an independent technique (e.g.,
structured grid methods'®). The former approach gives rise to good
quality grids in the interior of regions, but grid quality can deterio-
rate where the tetrahedra and the connections are constrained by the
boundaries. The latter approach is restrictive for general geometries.
Here, a new method will be presented that is flexible, easy and effi-
cient to implement, requires minimal manual user input, and readily
extends for use in grid adaptation with sources and a background
mesh.

Point Creation Driven by the Boundary Point Distribution

For grid generation purposes the boundary of the domain is de-
fined by points and associated connectivities. It will be assumed
that the grid points on the surface reflect appropriate variations in
surface slope and curvature. Ideally any method that automatically
creates points should ensure that the boundary point distribution is
extended into the domain in a spatially smooth manner.

To explain the motivation behind the approach adopted, con-
sider, in two dimensions, nonintersecting boundary line segments
on which points have been distributed that enclose a domain. It is
required to distribute points within the region so as to construct a
smooth distribution of points. For each point on the boundary, a
typical length scale for the point can be computed as the average of
the two lengths of the connected edges. No points should be placed

within a distance comparable to the defined length scale since this
would inevitably define a badly formed triangle. Hence, for each
point #, it is appropriate to define a region I'; within which no inte-
rior point should be placed. In the Delaunay triangulation algorithm,
the surface or boundary points are connected together to form an ini-
tial triangulation. Points can be placed anywhere within the interior
but not inside any of the regions I'; already identified. Hence, points
are placed at the centroid of each of the formed triangles and then
a test is performed to determine if any of the points lie within any
I';. If a point lies within the region T'; it must be rejected, if it does
not then it can be included and connected using the Delaunay trian-
gulation algorithm. Once a point has been inserted, it too must have
associated with it a length scale which defines an effective region I';
for point exclusion. A newly inserted point takes a length scale from
interpolation of the length scales from the nodes that formed the tri-
angle from which it was created. In this way a smooth transition
between boundaries of interior points can be ensured. This process
of point insertion continues until no point can be added because the
union of all T'; covers the entire interior domain.

The details of the implementation of procedure II in three dimen-
sions are as follows.

1) Compute the point distribution function for each boundary
point r, = (x, y, z) i.e., for point o

1 M
dpo = ==y Iri = rol

i=1

where | | is the Euclidean distance and it is assumed that point
o is surrounded by M points,i = 1, M.
2) Generate the Delaunay triangulation of the boundary points.
3) Initialize the number of interior field points created, N = 0.
4) For all tetrahedra within the domain, complete the following
steps.

a) Define a prospective point Q to be at the centroid of the
tetrahedron.

b) Derive the point distribution dpg for the point Q by
interpolating the point distribution function from the

nodes of the tetrahedron, dp,,,m =1, ..., 4.

¢) Compute the distances d,,, m = 1,...,4, from the
prospective point Q to each of the four points of the
tetrahedron.

If{dpm < adpg}foranym =1, ..., 4thenreject
the point; return to the beginning of step 4.

If {dpw > adpg} forallm =1, ..., 4 then com-

pute the distance s;, (j = 1,..., N), from the
prospective point Q, to other points to be inserted,
P Js ] - 1, N.

If {s; < Bdpg} then reject the point; return
to the beginning of step 4.

If {s; > Bdpg} then accept the point Q for
insertion by the Delaunay triangulation al-
gorithm and include Q in the list P;, j =
1,...,N.

d) Assign the interpolated value of the point distribution
function, dpg, to the new node Py.

e) Next tetrahedra.

5) fN=0gotostep7.

6) Perform the Delaunay triangulation of the derived points, P;,
j=1,...,N.Gotostep 3.

7) Smooth the mesh.

The coefficient ¢ controls the grid point density by changing the
allowable shape of formed triangles, whereas § has an influence on
the regularity of the triangulation by not allowing points within a
specified distance of each other to be inserted in the same sweep of
the triangles within the field. The effects of the parameters « and
are demonstrated in Fig. 2.
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Fig.2 Two grids generated with the combination of parameters o and
Bra)a=1.0and 8 =10.0,andb) a = 1.0and 3 = 0.1.

The algorithm presented has some aspects in common with the
approach used to generate unstructured grids using the advancing
front technique.!> In that approach a background grid is defined
by the user which covers the domain to be gridded. At each node of
this grid the required point spacing is specified. During the genera-
tion process the points are created from a linear interpolation of the
background grid point spacing. In the approach advocated here, it
is assumed that the boundary points have been suitably distributed.
A length scale is then computed for each boundary point as the
average of the lengths of the edges connected to that point. The
Delaunay triangulation is then used to connect all boundary points
to form, in effect, a background mesh in the sense used in the ad-
vancing front method. In this approach, however, the user does not
have to define the rather intricate background mesh. Further work
in combining concepts from the advancing front method and point
insertion strategies has recently been reported.!®

The approach has been found to work well for geometries in two
and three dimensions. Examples will be given in the results section.

It should be noted that this point creation algorithm can be im-
plemented very efficiently within the Delaunay triangulation pro-
cedure. In particular, if a point is accepted for insertion then in the
Delaunay algorithm a tetrahedron is known that contains this point,
since by the very nature of the procedure the tetrahedron from which
the point was created is known. However, after the insertion of one
point the tetrahedron numbering can be changed and if the tetra-

Table 1 Grid statistics before and after grid quality enhancement

Volume distributions

Interval No. of elements No. of elements
no. Volume interval improved grid initial grid

1 0.3662 x 1073 0.6277 x 1073 0 1

2 0.6277 x 1073 0.1076 x 1073 0 2

3 0.1076 x 1072 0.1844 x 1072 0 2

4 0.1844 x 1072 0.3160 x 1072 0 4

5 0.3160 x 1072 0.5415 x 1072 0 1

6 0.5415 x 1072 0.9280 x 1072 0 1

7 0.9280 x 101 0.1591 x 10! 0 0

8 0.1591 x 1071 0.2726 x 107! 1 0

9 0.2726 x 1071 0.4672 x 107! 2 1
10 0.4672 x 1071 0.8006 x 107! 16 4
11 0.8006 x 10~! 0.1372 x 10° 48 28
12 0.1372 x 10 0.2352 x 10° 199 179
13 0.2352 x 10°  0.4030 x 10° 221 208
14 0.4030 x 10°  0.6907 x 10° 203 197
15 0.6907 x 10°  0.1184 x 10! 216 223
16 0.1184 x 101 0.2029 x 10! 123 132
17 0.2029 x 10! 0.3477 x 10! 64 63
18 0.3477 x 101 0.5959 x 10! 28 28
19 0.5959 x 10! 0.1021 x 10? 12 12
20 0.1021 x 10>  0.1000 x 10? 1 1
Maximum value of the element

distortion parameter o/: 1.24 185.91

Table 2 Computational times for the generation of a
grid with 1 10° elements: times include I/O, consistency
checks, and postprocessing for the flow solvers

Computer CPU, min
Cray Y-MP 496
IBM Risc 6000 550 12.28
SGIPI 28.84
SGI Indigo Elan 2528
SGI Indigo XS 24/4000 14.75
SGI Crimson 14.36
SUN Sparc I 26.98

b)

Fig. 3 Edge data structure for the artificial dissipations: a) smooth,
regular, unstructured grid showing edges aligned unidirectionally and
b) unstructured grid showing edges not aligned unidirectionally.

hedra formed from the inserted points overlap then the tetrahedron
numbers which have been flagged for each new point can be then
incorrect. However, the exclusion zone, controlled by the parame-
ter B, ensures that the points created from one sweep through the
tetrahedra are sufficiently spatially separated that on the insertion
of each point the resulting tetrahedra do not overlap and, hence, the
original tetrahedron numbers associated with each new point are
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valid. Hence, in this way 8 improves the regularity of the tetrahedra
and also ensures that no search is required to find a sphere which
includes the point.

The procedure outlined creates points consistent with the point
distribution on the boundaries. However, in many problems, infor-
mation is known about features within the domain that require a
suitable special discretization. It proves possible to modify proce-
dure II to take such effects into account. Two techniques can be
readily implemented. The first utilizes the idea of point, line, and
planar sources, whereas the second uses the concept of a background
mesh.2%2! Details of the implementation of these approaches have
been given elsewhere. 622

C. Surface Boundary Integrity

The generation of boundary conforming grids using the Delaunay
triangulation has long been recognized as a major problem, and
several approaches to its solution have been proposed.”®?* After the
connection of boundary and interior points there is no guarantee that
the resulting assembly of tetrahedra will recover the initial boundary
surface triangulation. The procedure followed here to ensure bound-
ary integrity is an extension of earlier work!® and is closely related
to the work of George and Hermeline.?* Both these approaches in-
volve the addition of points to “block” the penetration of tetrahedra
through the boundary surface. Here, an approach has been devised
which involves a local modification to the tetrahedral construction
80 as to recover a given set of triangular bounding faces. A finite
number of direct transformations can be formulated for all types
of tetrahedral penetration of a surface and, hence, in the proposed
procedure the recovery of the surface can be guaranteed.'®

D. Element Grid Quality
Badly formed elements in time-dependent flow analysis using ex-
plicit flow solvers can have a dramatic effect in limiting the allowable
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time step. Hence, some effort has been expended in improving
grid quality, in particular, removing worst case elements from the
grid. :

A relatively simple, but effective way of improving grid quality
is to smooth the spatial position of grid points using a Laplacian
operator. The final grid can be smoothed N times according to the
operation

M
n+l __ _n 22 : .
r() —ro+Mi:1(ra I",) (2)

where 77 +1 is the new position of the point 7, after n + 1 iterations,
M is the number of neighboring points with coordinates r; and w is
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Fig. 4a Grid and flow solutions for the ONERA M6 wing, freestream Mach number = 0.84, incidence = 3.06 deg: grid quality statistics for the

Delaunay and advancing front grids.
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Fig. 4b Grid and flow solutions for the ONERA M6 wing, freestream
Mach number = 0.84, incidence = 3.06 deg: computed coefficients on the
wing surface.

the relaxation parameter. The number of iterations should be within
the range 20—100 and the relaxation parameter 0.05-0.25.

In two dimensions there are several operations which can be per-
formed to enhance grid quality. In particular, interior field nodes
which are connected to just three points can be removed so that the
three triangles connected to the node are removed leaving the one
triangle. It is also possible to consider local diagonal swapping to
improve the regularity of the triangles.!® In three dimensions, it is
possible, although more difficult, to enhance grid quality through the
implementation of such operations. The required tetrahedral trans-
formations to remove particular elements or element connectivities
are presently an area of study'® and the improvement of tetrahedral
grid quality is likely to be a major issue in the future, particularly
as grid generation techniques mature. The measure «,

(average element edge length)?
volume

is very successful in identifying flat or near flat elements since in
such cases the volume degenerates and tends to zero. In fact, in
a flat element with four points all planar the volume is zero and
the distortion measure « is infinite. For an equilateral element the
measure takes the value of ¢equitaera = 8.479.

A typical example of the improvement in grid quality which can
be achieved using grid coordinate smoothing and element transfor-
mations is given in Table 1. It is apparent that the badly formed
elements with small volumes and high values of the citerion « can
be removed from the mesh.

III. Flow Algorithms
A. Governing Equations
The Euler equations for time-dependent, three-dimensional,
compressible, inviscid, nonconducting flow of a simple system in
thermodynamic equilibrium in the absence of body forces can be
expressed in conservation form:

U L, i =1,2,3 3)
ar | ax tELS (

where U is the solution vector and F! is the advection flux vector
in the i direction. The solution and advective flux vectors are given
by

U=lp,pV', pV? pV> pEI" )
and

%
levi+81ip
Fi=| pV?Vi+8%p 5)
pV3Vi+53ip
(0E + p)V*

respectively, where p is the density, V' is the velocity component in
the i direction, E is the total energy, and p is the static pressure. For
the present investigation, a thermally and calorically perfect gas is
assumed and the equation of state for pressure is given by

p=0=D[pE—jp(V" + V¥ +V¥)] ®)

where y is the specific heat ratio, which is taken for this work to
be 1.4.

The governing equations, Eq. (3), are solved using either an ex-
plicit multistage Runge—Kutta scheme®?%26 or an explicit two-step
Lax~Wendroff scheme.’*2526 In both implementations, character-
istic boundary conditions are applied.?’” A new key feature of our
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implementation of these procedures involves the formulation of the
artificial diffusion.

B. Artificial Diffusion

In regions containing severe gradients, e.g., near shock waves
and stagnation points, artificial diffusion is required to filter out
oscillations. Also, background dissipation is required with the
Runge—Kutta solver to prevent decoupling. In the present work,
a blended, adaptive first-/third-order dissipation model is used. The
dissipation is given by

Dy =) _[max(c1, e, G) SU, — Uy)
edge

—c3 S(Us — 3U, + 3U, — Uy)] 7

where D, is the dissipation residual term which is added to the
right-hand side of Eq. (3) for point 1 and subtracted for point 2; Uy,
U,, U,, and Uj are the solution vectors at 0, 1, 2, and 3; ¢; is the
first-order background constant, ¢, is the gradient switch constant,
cs is the third-order background constant, G is the gradient switch,
and S is the directional scaling factor. The gradient switch is given

by
} ®)

and where p is typically the pressure. The gradient switch is also
normalized so that it varies between 0 and 1. At high Mach num-
bers, this method fails and another scheme is used. A flux-limited
dissipation model developed for structured solvers by Jameson?
and enhanced by Yoon and Kwak? can be used successfully at high
Mach numbers. The directional scaling factor is obtained using edge
variables and is given by

pL+ps—2p,
Pr+patl2p

Po+ p2—2p;
pot+p2+2p;

)

G = max{

S=V, TV +all"| %)

where a is the speed of sound and I" is edge area vector. For the
present work, an edge-based data structure that includes a local edge
connectivity is used.

Most finite element and finite volume flow solvers can be imple-
mented using either an edge-, element- or face-based data structure.
The edge-based data structure can offer memory and speed advan-
tages. It can also be used to exploit local structure in the grid. An
edge-based data structure that utilizes a local structured edge con-
nectivity has been developed and implemented for the present work.
Neighboring edges and their connectivity for this data structure are
shown in Fig. 3a for a two-dimensional unstructured grid. For an
edge given by points 1 and 2, two closely aligned neighboring edges
given by points 0 and 1 and points 2 and 3 are selected. Points 0, 1, 2,
and 3 are analogous to locations i —1,#,i41 and i 42 in a structured
grid. Ideally, the connected edges should form a very smooth line, as
shown in Fig. 3a. For a typical grid, however, with varying element
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volumes, there will be some connected edges which do not form a
smooth line, as shown in Fig. 3b. Based on results obtained with
such connections, this does not create any numerical problems. The
local structured edge connectivity allows direct and efficient im-
plementation of many upwind high-resolution structured schermes.
In the present work, a structured flux-limited dissipation model is
implemented using this connectivity. The localized structured con-
nectivity allows this scheme, including limiters, to be implemented
exactly as it is in structured solvers.

IV. Results

A. Efficiency of Grid Generation

Table 2 shows the computational time required to generate a grid
of 1 x 106 tetrahedral elements on several types of computers. It
should be emphasized that no form of optimization has been per-
formed on the code for use with any particular machine. Further-
more, the times given are for the generation and input of the surface
grid and output of the final grid, consistency checks and postpro-
cessing such that the final grid is output in a form which can be
used directly, without further processing, with the Lax—Wendroff
and Runge—Kutta flow solvers.

B. Flow Results

The first example of the performance of the grid and flow meth-
ods described is chosen to be one of the standard test case prob-
lems for three-dimensional aerospace applications, namely, the flow
over an ONERA M6 wing.*® The freestream Mach number is 0.84,
and the angle of attack is 3.06 deg. To demonstrate how the re-
sults of the new approach compare with other methods, two grids
were generated both using the same surface grid; one using the
Delaunay approach described and the other using the advancing
front grid used for a NASA Langley unstructured grid workshop
in 1990.% For both grids, the total number of grid points and the
field grid point distribution is very similar. The advancing front grid
contained 231,507 elements and 42,410 points and the Delaunay
grid contained 233,182 elements and 40,442 points. Grid quality
statistics of the two generated grids are shown in Fig. 4a. The two
grids are comparable in the element and point measures chosen.
Using the Lax—Wendroff flow solver on both grids, the flow so-
lutions were obtained. The computed pressure coefficient distribu-
tions on the wing surface for the Delaunay and advancing front
grids are shown in Fig. 4b. The computed flow results are in good
agreement, which, together with the grid quality statistics, provides
some justification of the validity and quality of the Delaunay grid
approach.

As an example of the application of the methods to a complex
aerospace configuration, Fig. 5 shows the simulation of the flow
around the B60 configuration with wing/fuselage/pylon and nacelle
with powered engines. The freestream Mach number was 0.801, and
the angle of attack 2.738 deg. For the simulation, the engine condi-
tions imposed were a jet pressure ratio of 2.477, an engine mass flow
ratio of 2.733 Ib/s, and a jet total temperature of 370.04 K. Shown in

Fig. 5a Grid generation and inviscid flow computation around a wing/body/pylon/engine configuration, freestream Mach number = 0.84, incidence

= 3.06 deg: surface grid and surface solution contours of pressure.
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Fig. 5b  Grid generation and inviscid flow computation around a wing/body/pylon/engine configuration, freestream Mach number

3.06 deg: planar cuts through the field grid at sections perpendicular to the plane of symmetry at different stations along the fuselage.
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Fig. 5S¢ Grid generation and inviscid flow computation around a wing/body/pylon/engine configuration, freestream Mach number = 0.84, incidence

= 3.06 deg: computed pressure coefficients on the wing and nacelle surfaces.

V. Summary

This paper has outlined a method for constructing unstructured
grids of tetrahedra. The geometrical criterion on which the method
is based is due to Delaunay. Automatic point creation within the
Delaunay triangulation which utilizes boundary point spacing with
an option for the use of sources and the background mesh has
been discussed. Two finite element flow algorithms have been
described. These methods have been demonstrated on realistic three-
dimensional configurations.
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